Abstract--This paper investigates the maximum torque per Ampere (MTPA) control of switched reluctance motor (SRM) via optimization of the current waveform. The MTPA problem is redefined using the SRM model and a generic current profile .Theoretical derivation of the optimal current excitation is presented.
INTRODUCTION
Switched Reluctance Motor (SRM) is one of the competitive candidates for automotive applications. It features high speed and high power capability, modular torque generation and extended speed range. In addition, it has a simple and rugged structure which makes the manufacturing and maintenance less expensive.
Reliability of the drive system is of great concern for automotive applications. The modular torque generation capability of SRM enables continuous operation under single and multiphase faults if fault tolerant operation strategy is embedded into the drive system and the faults are properly isolated. Under partial failure condition, the control objective of the drive train is different from that of a healthy SRM drive. In a healthy drive system, SRM is expected to produce desired power with acceptable torque ripple and acoustic noise. As the system loses one or more phases, increased torque ripple and reduced average torque are inevitable. Maintaining continuous operation with a tolerable performance until repair is available is essential.
Under single or multiphase fault conditions, the torque capacity of SRM is limited under conventional control strategy. Thus, producing more torque within the same thermal limit is of great value for fault tolerant operation of SRM. This is also important for applications where torque ripple is less of a concern. Maximum torque per Ampere (MTPA) control strategies have been proposed for the AC induction machine [1] - [2] and PM machine [3] . They are primarily focused on adjusting the q and d axes currents via different algorithms taking into account parameter variations.
Research on MPTA control of SRM is far from exhausted. Within the existing literature, the focus is on optimal tuning of commutation for maximum torque production [4] - [5] . Selection of an optimal waveform for SRM has received less attention. Part of the reason is that under high speed operation the current waveform regulation is impractical due to the limitation of the DC bus voltage and back EMF. A square current waveform is still applied even if the current waveform is controllable at low speed. Although the tuning of commutation angle is critical to the torque production, it does not guarantee that the applied square current waveform is the optimal choice. An iterative numerical approach for optimal waveform calculation has been presented [6] . However, the analytical assessment of the optimal waveform is not provided. This paper investigates the effect of current waveform on MTPA control of SRM. Theoretical derivation of the optimal current excitation under linear condition is presented first. Then, the optimal waveform under saturation is presented. The Finite Element Analysis (FEA) is conducted to validate the optimal current waveform using theoretical derivation.
II. MODEL OF SWITCHED RELUCTANCE MOTOR
A. Inductance profile SRM exhibits nonlinear behavior due to double saliency and saturation of the magnetic core during operation. Different models have been proposed for SRM. The essential part lies in the accurate modeling of the SRM phase inductance profile. As the inductance profile of SRM is a periodic function of rotor position, Fourier series representation describes its characteristic accurately [7] - [8] . In this paper, SRM phase inductance is modeled by its low order Fourier series components as shown below
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In which the L , , θ , and I refer to self inductance, rotor position, and phase current respectively. N and N indicate rotor and stator poles numbers. α is the coefficient for different order of harmonics. φ is the phase angle. 
B. Machine dynamic equations
Dynamic equations of the SRM describe the relationship between phase voltage, current and the lumped parameter circuit elements. These equations for Phase-A of the SRM are given by
where , , , and refers to phase mutual inductance, phase voltage, and phase flux linkage, respectively. represents the electromagnetic torque produced by a single phase. As mutual inductances are an order of magnitude smaller than self inductance, they are neglected and not included in the phase torque equation. Unlike the AC permanent magnet machine, in which torque is proportional to q axis current, the magnetic torque in SRM has a linear relationship with the square of phase current under unsaturated conditions.
III. MAXIMUM TORQUE PER AMPERE CONTROL PROBLEM DEFINITION
Optimal control of SRM aiming at higher torque has been an active field of research. Nevertheless, most of the investigations are focused on the tuning of commutation angles [4] , [5] . Less attention has been paid to the importance of current waveform. In this section, the current waveform is optimized for maximum torque production. The maximum torque per RMS Ampere problem is redefined taking into account the waveform profile.
As the mutual couplings between different phases are small, the generated torque by Phase-A is considered to be independent of the other phases. Thus the MTPA optimization is only conducted for a single phase. The waveform for other phase currents should be identical except for an adequate phase shift assuming the machine is in a healthy condition.
A. Torque per Ampere definition
The average torque in one electrical cycle is given by
The RMS current within one electrical cycle can be expressed as
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The torque per RMS Ampere (TPA) is defined by
B. Current waveform representation
Since the characteristic of the optimal current waveform is unknown, the methodology for current waveform modeling should be able to describe an arbitrary waveform. One direct solution is using a series of pulses to represent the current waveform. The waveform is divided into M subsections. Within each section, the current has a constant value. This waveform has been expressed as 1 ,
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Where is the instantaneous current value in subsection j, and M is total number of subsections. Fig.2 shows one sample waveform. The magnitudes of the pulses vary at different rotor positions. If the pulses are sufficiently narrow, an arbitrary waveform can be modeled accurately.
Figure2. Current waveform modeling
For MTPA control, the objective is to maximize the torque production with the same RMS current. It is also equivalent to maximize torque production per unit copper loss if the variation of winding resistance is neglected. Thus, the RMS current value is set to be a constant for optimization.
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Substituting (1), (9), (10) The MTPA control objective is defined as finding the feasible current waveform which yields the maximum value for (11) subjects to the constraint of (10).
IV. OPTIMAL CURRENT WAVEFORM SOLUTION
In this part, the MTPA current waveform is solved without any limitation brought by practical drive system, for example, current rating limitation, DC bus voltage limitation, and saturation etc. It is a mathematical solution for revealing the ideal current waveform for MTPA control of SRM under linear condition.
Assuming,
One can observe from (5) that positive torque is generated when the slope of the inductance is positive. Thus for motoring action no current should be injected into the phase winding when inductance is decreasing with respect to rotor position. Under this prerequisite, the optimal waveform calculation is only performed in the region with positive inductance slope and the current is set to zero in the region of negative inductance slope. Based on this assumption, 0 for β 0 Substitute β to (11) and reform the equation, it becomes
The MTPA is achieved when
This indicates that the current should only be injected at the rotor position where the inductance to rotor position slope is biggest to ensure MTPA control. The slope of the inductance profile then determines the optimal waveform. Recalling the inductance model in section II, the derivative of the inductance function is dL , θ , I dθ pN α I sin pN θ φ 14
Under unsaturated conditions, substitutes the parameters from (2) to (14), the maximum value happens at
The optimal waveform is thus an impulse function when M approaches an infinitely large number. It is interesting that this waveform is different from the commonly used square waveform. The SRM is usually assumed to have a constant inductance slope under linear condition for the sake of simplicity during theoretical analysis. Under this assumption, the optimal waveform for maximum torque per ampere is square waveform since all positions with positive β have the same inductance slope β . However, this square waveform is not optimal if the machine inductance slope is not constant, which is the case for practical SRMs.
V. OPTIMAL WAVEFORM UNDER CURRENT MAGNITUDE CONSTRAINT
The ideal waveform from the mathematical model is impractical in the actual SRM drive. There are several constraints of the drive system that sets the boundary for the current waveform. First, the semiconductor power switches used in the drive unit have limitations on the current magnitude. Second, the current waveform is affected by the DC bus voltage, induced back-EMF, and the inductance. These parameters determine a finite current changing rate. Third, high current would result in severe saturation. Under heavy saturation, the torque equation has to be updated as the machine flux pattern is changed. Thus the current magnitude should be limited.
With a constrained current magnitude, the current waveform can no longer be an impulse. Current has to be applied at rotor positions where inductance variation is second to the maximum. As proven in section IV, the current injected at rotor positions with higher inductance slope yields higher TPA value. Thus, maximum current should be applied to rotor position based on the ranking of the inductance slope value. Due to the continuity of the inductance derivative, the waveform is then transformed into a square waveform whose duty cycle determines the torque.
One might notice that the optimal waveform under the constraint is also a square waveform, which is similar to a conventional excitation waveform. However, the current magnitude is fixed under optimal control. The duty cycle/ conduction angle band varies according to the torque command. In contrast, under the conventional excitation waveform, the duty cycle is almost fixed and variation of torque is achieved by varying the current magnitude.
VI. OPTIMAL WAVEFORM UNDER SATURATED CONDITION

A. Machine model under saturated condition
Under the saturated condition, the torque equation differs from (5). It can be described as
Where, is co-energy and . , . is a function of current and rotor position. Eq.(5) is a special case of (15) under unsaturated condition when . , . only depends on rotor position.
By defining x I , the partial derivative of torque to the square of current can be represented by T θ , x f θ , x ∂T ∂x 16 Fig.3 shows , variation at different rotor positions (from FEA simulation). The result is obtained by fixing the rotor at one desired rotor location, applying different currents, and recording the torque calculated. Fig.4 shows the partial derivative of torque to the square of current based on the data in Fig.3 . The partial derivative is kept constant at low current and gradually decreases at high current which implies that the machine goes from an unsaturated condition to a saturated condition. The linear and saturated region of can be modeled separately at different rotor positions. A curve fitted function can model the waveform accurately within a wide current range. Figure3 .
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B. Maximum torque per Ampere solution
The optimal waveform guarantees maximum torque production under RMS current constraint. Any other incremental variation of the current waveform should yield lower torque production. For the linear situation, torque is equal to a position dependent constant coefficient times the square of current x. The rotor position with bigger coefficient β θ , x has bigger torque variation for the same incremental change of current at any other current level. For the saturated condition, this is not true. Once the machine starts to saturate, the same amount of incremental change in x will yield less torque increment. Even though the β θ , x at one rotor position might be higher than another rotor position, the incremental torque improvement due to current adjustment between the two positions might be less. Thus, the incremental improvement of torque for same amount of x variation is the target parameter for evaluating the optimal waveform. In this paper, the partial derivative of torque to the square of current T is utilized for calculating the optimal waveform. The optimal waveform with the consideration of saturation should be a waveform on which T is equal at all rotor positions in the conduction angle region. For those rotor positions with smaller T , currents must be zero.
If the optimal solution differs from the deduction reached above, then there exists two positions θ , θ with initial current √ , √ which meets the following assumption,
The initial torque produced is
With a very small incremental change of the square of current ∆ ,
Due to (17),
T T
Thus the waveform with unequal , in the conduction angle region is non-optimal.
An iterative process is chosen to obtain the optimal solution rather than a direct analytical solution. The basic idea behind the process is that if the partial derivatives of torque to the square of current T θ , x are different at various rotor positions within the conduction angle region. The current should be adjusted such that T θ , x tends to be equal at different rotor positions. An algorithm should be developed to govern the modification of current waveform. Different algorithms might result in a different speed of convergence. Selection of an optimal algorithm for online calculation of the optimal waveform is left for future research. In this paper, a straight forward approach is chosen for calculating the optimal current waveform.
The iterative process starts with an initial assumption that same current magnitude is applied at all rotor positions in the 30 degree conduction angle for the studied 8/6 poles SRM. This initial waveform can be calculated based on the RMS current command. Then, T θ , x at all rotor positions in the conduction region are calculated and ranked. Currents corresponding to rotor position with minimum T θ , x and maximumT θ , x are continuously increased or decreased until they are equal. If this requirement cannot be fulfilled within the current magnitude constraint, the current at the rotor position with the smallest T θ , x is set to zero and excluded from further optimization. The adjustment of current should not change the RMS current of the whole conduction region. Next, the T θ , x , after adjustment, are evaluated again under the new current waveform and are followed by another round of current adjustment. The process goes on until the coefficients T θ , x for all the positions within the conduction band are equal. The iterative process is symbolically described in fig.5 . Figure6. Optimal current waveform for maximum torque production at 92.37A RMS current.
C. Practical Implementation
Ideally, the modeling of β θ , x , T θ , x and the calculation of optimal current have to be conducted at all the rotor positions. In other words, the subsection width τ defined in (9) should be sufficiently small. This would be difficult for online real time calculation. Nevertheless, the machine model β θ , x , T θ , x can be assumed to be constant within each degree of rotation and only thirty current values need to be calculated. This would result in a close approximation of the optimal waveform. Fig.6 shows the optimal current waveform for 92.37A RMS current.
Under current magnitude constraints set by the drive converter, the optimal current waveform would be a flat topped current. Also, one might notice that the optimal waveform sets the theoretical boundary of torque production for the studied machine. If the current waveform differs from the optimal waveform due to the limitation of dc bus voltage, the torque produced would be reduced. Thus, the optimal waveform is primarily for low speed operation conditions as the back-emf is low and current waveform is under regulation. At high speed, the SRM works in single pulse mode and the drive lacks control of current waveform. The optimal waveform of the SRM in single pulse operation mode depends on tuning of the commutation angle.
Although the optimization method developed is for saturated conditions, it automatically takes care of unsaturated conditions, because the developed SRM models β θ , x and T θ , x include both saturated and unsaturated conditions. When torque and RMS current commands are low, the optimal waveform is going to be a narrow pulse, which is the same as the conclusion drawn from the linear condition.
VII. SIMULATION RESULTS AND DISCUSSION
In order to validate the proposed MTPA optimal current waveform, an FEA model of SRM is built using the measured physical geometry. Tab. II shows the main parameters of the machine. More details of the studied machine can be found in [9] - [11] The FEA model is built using commercial FEA software package Magnet. Magneto static analysis is conducted at different rotor positions and different current levels. The result is exported for performance evaluation.
The optimal current waveform is calculated using the proposed method in section VI. Fig.7 shows the conventional 30 degree excitation square waveform, 15 degree excitation square waveform, and optimal current waveform at 92.37A RMS value. The optimal waveform offers a slightly bigger conduction angle than 15 degrees. Fig. 8 shows the resultant torque waveform under different current waveform excitation. The optimal waveform produces higher torque with an increased torque ripple. The torque increment is 31.9% compared with 30 degree square waveform and 3.2% compared with 15 degree square waveform. The improvement of torque is different at different torque/current level. Generally, the torque improvement is relatively higher for low current/low torque conditions. With the increase of torque/current command, the space for improvement decreases. As seen from Our simulation results show that the optimal waveform is a narrow pulse, which matches the conclusion drawn in the linear condition, at low torque level. Additionally, the conduction angle increases with the increasing torque command. VIII. CONCLUSION This paper provides a theoretical analysis of the optimal waveform for maximum torque production per unit copper loss for both linear and saturated condition in SRM drives. It is found that the optimal waveform under linear condition is an impulse function without current magnitude limitation and a pulse width modulated function with fixed magnitude rather than a magnitude modulated(square function)as in conventional excitation waveform, if the current magnitude is limited. Under saturated conditions, the partial derivative of torque to square of the current at all rotor positions within the conduction angle region should be the same, thus providing an optimal solution.
